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Lqhodvwlf wudqvlwlrq suredelolwlhv e| wkh hqhuj|
 xfwxdwlrq prgho
J1 Pdvwurflqtxh
Glsduwlphqwr gl Vflhq}h Ilvlfkh ghoo*Xqlyhuvlwã gl Qdsrol
Ihghulfr LL 0 Idfrowã gl Lqjhjqhuld 0 S1oh Whffklr 0 ;3458 Qdsrol
Vxppdu|
Wkh hqhuj|  xfwxdwlrq prgho surylghv d w|slfdo h{suhvvlrq iru wudqvlwlrq
suredelolwlhv lq lqhodvwlf prohfxodu froolvlrqv/ edvhg rq wkh ghqlwlrq ri erwk d
froolvlrq hqwurs| dqg d ghqvlw| ri hqhuj| vwdwhv hqfrxqwhuhg lq wkhvh surfhvvhv1
E| wklv prgho/ dgydqfhv kdyh douhdg| ehhq pdgh wr lpsuryh sk|vlfdo xqghu0
vwdqglqj dqg frqvlvwhqf| ehwzhhq fodvvlfdo phfkdqlfv uhvxowv dqg txdqwxp rqhv1
Lq wklv zrun/ zh vkrz sudfwlfdoo| wkdw d vhpl0fodvvlfdoo|0fdofxodwhg suredelolw|
fdq dozd|v eh ghdow zlwk lq vxfk d zd| dv wr uhvxow lq wkh fruuhvsrqglqj txdqwxp
h{suhvvlrq1 Wr wklv sxusrvh/ zh dvvxph +sdudphwulfdoo|0hydoxdwhg, surwrw|sh
ixqfwlrqv iru wkh hqwurs| dqg ghqvlw| ri vwdwhv/ dqg vkrz wkdw wkhlu irupv duh
fruuhodwhg wr wkh hqhuj| wlph0odz rffxuulqj lq d vlqjoh surfhvv1 Dq hujrglf0
olnh surshuw| ri wkh prgho lv hqoljkwhqhg/ d qxphulfdo h{dpsoh lv surylghg/ dqg
jhqhudo sk|vlfdo glvfxvvlrq lv jlyhq vwhs e| vwhs lq wkh sdshu1
SDFV1 381<3 0 Rwkhu wrslfv lq vwdwlvwlfdo sk|vlfv dqg wkhuprg|qdplfv
4 Lqwurgxfwlrq
Dprqjvw wkh ydulrxv qhz dssurdfkhv e| zklfk 0 vwloo lq uhfhqw |hduv 0 wkh hog
ri uhodwlrqv ehwzhhq fodvvlfdo dqg txdqwxp phfkdqlfv kdv ehhq dgguhvvhg/ wkh
vr0fdoohg hqhuj|  xfwxdwlrq prgho vhhpv wr kdyh hqoljkwhqhg dq dowhuqdwlyh
ylhz ^405`1 Wklv prgho fdq eh wudfhg edfn wr Hlqvwhlq ^6`/ Erkp dqg Yljlhu
^7` dqg wr wkh idprxv wkhruhp rq idvw rvfloodwlrqv e| Ndslw}d ^80:d`1 Rqh ri
wkh prgho*v shfxoldulwlhv lv wkh lqfuhdvlqj ri wkh fodvvlfdo phfkdqlfv fdsdelolw|
wr ghvfuleh hqhuj| wudqvihuv lq lqhodvwlf prohfxodu froolvlrqv1 Wklv lv dfklhyhg
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xvlqj lpsuryhg whfkqltxhv wr dffrxqw iru ghwdlohg edodqfh lq wkh vhpl0fodvvlfdo
wudqvlwlrq suredelolwlhv h{suhvvlrqv1
D vhpl0fodvvlfdo wudqvlwlrq suredelolw| SVF lv jhqhudwhg e| wkh wlph0ghshqghqwpdwwhu0zdyh ghvfulswlrq ri d frxsolqj ehwzhhq vwdwhv/ zlwk lqwhudfwlrq Kdplowr0
qldq Yli +w, +l @ lqlwldo vwdwh> i @ qdo,1 Li d uvw rughu shuwxuedwlrq whfkqltxh
+IRSW, lv xvhg/ zh jhqhudoo| kdyh ^;`=
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Wkh hqhujlhv Hl/ Hi fkdudfwhul}h wkh lqhodvwlf txdqwxp froolvlrq fkdqqho1
Wr fdofxodwh h{suhvvlrq +4,/ lw lv riwhq dvvxphg wkdw wkh v|vwhp yleur0
urwdwlrqdo prwlrqv fdq eh vhsdudwhg iurp wkh wudqvodwlrqdo rqh1 Dv d w|slfdo
h{dpsoh/ ohw xv frqvlghu wkh fdvh ri d +fr0olqhdu/ khdg0rq, hqfrxqwhu ehwzhhq
dq dwrp dqg d elqdu| prohfxoh1 Iru wkh vdnh ri vlpsolflw|/ ohw qr urwdwlrq eh
lqyroyhg1 Wkhq wkh| duh rqo| vxeplwwhg wr d yleur0wudqvodwlrqdo +Y0W, hqhuj|
h{fkdqjh/ lq d vr0fdoohg xql0glphqvlrqdo prgho1 Zh fdq wuhdw wkh prohfxoh yl0
eudwlrqdo prwlrq +dvvxph lw lv kduprqlf zlwk pdvv P/ sxovdwlrq $li / lqwhuqdo
fr0ruglqdwh u, e| txdqwxp phfkdqlfv +4,1 Wkh wudqvodwlrqdo prwlrq lv lqvwhdg
wuhdwhg fodvvlfdoo|1 Li wkh lqwhuqdo prwlrq kdv vpdoo dpsolwxgh zh jhqhudoo| jhw
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zkhuh m l A dqg m i A duh wkh lqyroyhg yleudwlrqdo vwdwhv dqg Ili +w, lv wkh
+fodvvlfdo0olnh, irufh wlph0odz dfwlqj rq wkh yleudwlqj pdvv P/ dv ghwhuplqhg e|
wkh froolvlrq wudmhfwru|1 Wklv odvw lv dvvxphg wr rffxu zlwk hqhuj| H1 Wkhq zh
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Khuh zh vhh wkdw SVF +H, lv jhqhudoo| fdofxodwhg e| wkh surgxfw ri wzr pdlqidfwruv1 Wkh uvw rqh lv d txdqwxp pdwul{ hohphqw frxsolqj wkh lqwhuqdo vwdwhv
ri wkh v|vwhp lqyroyhg lq wkh wudqvlwlrq1 Wkh vhfrqg rqh lv d +vtxduhg0prgxoxv,
Irxulhu lqwhjudo uhsuhvhqwlqj wkh hhfwlyh lpsxovh h{fkdqjhg zlwk wkh wudqvod0
wlrqdo ghjuhh ri iuhhgrp gxulqj wkh froolvlrq1 Wkh Irxulhu lqwhjudo lv/ fodvvlfdoo|/
d ixqfwlrq ri wkh froolvlrq hqhuj| H 0 d txdqwlw| dhfwhg e| xqfhuwdlqw| ehfdxvh
ri wkh lqhodvwlflw|1
Dv lv zhoo nqrzq/ wkh h{dfw txdqwxp phfkdqlfdo uhvxowv duh lqvwhdg rewdlqhg
e| zdyhixqfwlrq vxshusrvlwlrq lqwhjudov frxsolqj wkh fruuhvsrqglqj vwdwlrqdu|
4Iru frpsohwhqhvv/ qrwh wkdw zlwk wkh vdph sk|vlfdo dvvxpswlrqv wdnhq khuh/ wkh lqwhuqdo
prohfxodu prwlrq fdq dovr eh wuhdwhg e| d sxuho| fodvvlfdo surfhgxuh ^43/:e`1 Lw eulqjv wr wkh
vdph uhvxow +htxdwlrq +6,, qh{w txrwhg1
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txdqwxp vwdwhv +dv vkrzq lq htxdwlrq +8,,1 Wkh glhuhqfh ^<` wkdw rqh qgv
ehwzhhq wkh h{suhvvlrq +6, dqg wkh h{dfw uhvxow +8, lv v|perolf ri d uhpdundeoh
sduw ri wkh lqfrqjuxhqfh ehwzhhq fodvvlfdo dqg txdqwxp phfkdqlfv1 Lw vwloo fdoov
iru pdq| lqyhvwljdwlrqv dqg ghedwhv1
Wkh suhvhqw zrun lv vshflfdoo| dgguhvvhg wr vkrz wkdw wkh  xfwxdwlrq prgho
kdv d juhdw fdsdelolw| wr wudqvirup wkh uhvxow ri wkh vhpl0fodvvlfdo h{suhvvlrqv
+6, lqwr wkh fruuhvsrqglqj h{dfw txdqwxp uhvxowv rewdlqhg e| +8,1 Krzhyhu/ zh
zloo rqo| gr wklv xvlqj vrph sudfwlfdo fdofxodwlrq phdqv> dqg pdlqo| uhihuulqj
wr wkh udwkhu vlpsoh prghov dydlodeoh lq wkh hog ri fr0olqhdu +xql0glphqvlrqdo,
froolvlrqv1 Wklv lv lqghhg wkh fdvh zlwk wkh Y0W hqhuj| wudqvihu wr zklfk rxu
suhylrxv htxdwlrqv kdyh douhdg| ehhq uhihuuhg1
Wkh irxqglqj uhodwlrqv iru surfhgxuhv deoh wr lpsrvh ghwdlohg edodqfh wr wkh
vhpl0fodvvlfdo wudqvlwlrq suredelolwlhv zhuh/ klvwrulfdoo|/ vrph +dqg vrphzkdw
fhoheudwhg, khxulvwlf qglqjv ^44048`1 Wkh| duh jhqhudoo| uhihuuhg wr dv v|p0
phwul}dwlrq whfkqltxhv1 Iru lqvwdqfh/ ]hqhu ^44/45` xvhg wkh dulwkphwlfdo phdq
ri wkh lqlwldo dqg qdo froolvlrq yhorflwlhv lqwr wkh vhpl0fodvvlfdo h{suhvvlrq ri d
prohfxodu Y0W wudqvihu suredelolw| wr lpsuryh wkh uhvxow1 Doghu hw do1 ^46048`
xvhg wkh jhrphwulfdo phdq wr v|pphwul}h Vrpphuihog idfwruv zkloh fdofxodwlqj
vhplfodvvlfdo Frxorpe furvv0vhfwlrqv lq d qxfohdu grpdlq/ hwf1^49`1
Lw kdv ehhq sursrvhg ^43` wkdw d jhqhudo lqwhusuhwdwlrq ri wkhvh qglqjv
fdq eh frqfhswxdoo| rewdlqhg e| frqvlghulqj wkh dqdorj| ehwzhhq wkh phfkdq0
lfdo wudqvihu suredelolwlhv dqg wkh idprxv Hlqvwhlq htxdwlrq iru wkh  xfwxdwlrq
suredelolwlhv Sli ri d wkhuprg|qdplfdo v|vwhp rxw ri htxloleulxp1 Dffruglqj wr
wkh Erow}pdqq sulqflsoh/ Hlqvwhlq iruphg klv htxdwlrq xvlqj dq hqwurs| frqfhsw
^4:`=
Sli @ h{sVli +7,
Vli lv wkh hqwurs| glhuhqfh ehwzhhq wkh lqlwldo dqg wkh qdo vwdwh ri wkh
v|vwhp1 Lq wkh iudph ri wkh  xfwxdwlrq prgho/ wkh dqdorjrxv lqwhusuhwdwlrq
kdv ehhq vkrzq wr vxssruw wkh hog ri vhpl0fodvvlfdo fdofxodwlrqv iru wkh hqhuj|
wudqvihu suredelolwlhv1 Lw jhqhudwhv lpsuryhg whfkqltxhv iru ghwdlohg edodqflqj
^4;053`/ dqg qhz frqfhswv iru prgho ghyhorsphqwv ^405`1
Lq wkh qh{w vhfwlrq/ zh eulh | uhylhz wkh phqwlrqhg wrslfv zlwk dgglwlrqdo
lpsruwdqw ghwdlov1 Zh vkdoo jlyh qhz ghyhorsphqwv diwhuzdugv1
5 Wkhruhwlfdo edfnjurxqg
Iru dq lqhodvwlf wudqvihu/ wkh txdqwxp wudqvlwlrq suredelolw| Stp dozd|v uh0
vxowv lq d v|pphwulf ixqfwlrq ri wkh hqhujlhv Hl/ Hi fkdudfwhul}lqj wkh lqhodvwlf
txdqwxp froolvlrq fkdqqho +5,=
Stp  Stp+Hl/Hi , @ Stp+Hi /Hl, @
5Iroorzlqj ^<`/ lq htxdwlrq +8, zh mxvw jlyh wkh IRSW txdqwxp phfkdqlfdo h{suhvvlrq
fruuhvsrqglqj wr wkh vhpl0fodvvlfdo rqh ri rxu lqwhuhvw/ vkrzq lq +6,1
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Khuh zh qdphg # wkh shuwlqhqw/ wudqvodwlrqdo zdyh0ixqfwlrqv1 Wkh prohf0
xodu irufh hog Ili +{, lv dfwxdoo| wkh sk|vlfdo suhfxuvru ri wkh ixqfwlrq Ili +w,
dsshdulqj lq +6,> lqghhg wklv odvw ixqfwlrq ri wlph fdq eh fdofxodwhg vwduwlqj
iurp Ili +{,/ zkhqhyhu d surshu froolvlrq wlph0odz {+w, lv vshflhg1
Dv vhhq lq htxdwlrq +8,/ wkh txdqwxp h{suhvvlrqv dffrxqw iru ghwdlohg edo0
dqfh ru plfuruhyhuvlelolw| e| ghqlwlrq1
Lw lv qrw wkh vdph iru vhpl0fodvvlfdo0olnh h{suhvvlrqv1 Vlqfh wkh| uhtxluh wkh
fdofxodwlrq ri wkh froolvlrq wlph0odz/ wkh| fdq jhqhudoo| eh h{suhvvhg dv ixqfwlrqv
ri wkh wudqvodwlrq hqhuj| fkdudfwhul}lqj wkh gluhfw ru wkh uhyhuvh surfhvv=
SVF +Hl, 9@ SVF +Hi , +9,
Wkhuhiruh wkh| gr qrw vdwlvi| wkh plfuruhyhuvlelolw| uhtxluhphqw1 Zh kdyh wr xvh
fodvvlfdo phfkdqlfv wr fdofxodwh wkh wlph odz dqg wkh Irxulhu lqwhjudo lqyroyhg
lqwr wkh h{suhvvlrqv1 Exw wkh fodvvlfdo fdofxodwlrqv idlo +dovr, lq wklv uhvshfw/
xqohvv 0 dv vdlg ehiruh 0 zh irufh wkh h{suhvvlrq +6, e| phdqv ri vxshulpsrvhg/
v|pphwul}lqj fruuhfwlrqv1
Klvwrulfdoo| pdq| dxwkruv +h1j1 Whu0Pduw|urvldq/ ]hqhu/ Vrpphuihog/ Khlwohu/
Jdxqw/ Hozhuw/ Eorfk/ Vklq/ Doghu/ Zlqwkhu> vhh txrwhg uhihuhqfhv dqg/ pruh0
ryhu/ ^5405<`, frpsduhg fodvvlfdo0olnh fdofxodwlrqv wr txdqwxp rqhv lq d ydulhw|
ri fdvhv/ lqwurgxflqj fruuhfwlrqv dqg uhqhphqwv wr wkh iruphu1 Dprqjvw rwkhu/
rqh fdq lqihu iurp wkhlu zrunv lq d qxpehu ri h{dpsohv wkh iroorzlqj surshuw|1
Rqfh d +zhoo0uhqhg, vhpl0fodvvlfdoo|0fdofxodwhg suredelolw| SVF +H, lv dydlodeohiru d jlyhq wudqvihu/ lw vhhpv jhqhudoo| srvvleoh wr qg/ lq wkh froolvlrq hqhuj|
lqwhuydo/ dq hhfwlyh ydoxh Hhii iru zklfk
SVF +Hhii , @ Stp+Hl/Hi , +:,
Wklv qglqj lv yhu| lqwhuhvwlqj dowkrxjk xqdeoh/ dv vxfk/ wr vxjjhvw d phdqlqjixo
+fodvvlfdo0olnh, prgho ri wkh txdqwxp wudqvlwlrq1
Rxu sxusrvh lq wklv sdshu lv dovr wr vkrz wkdw wkh  xfwxdwlrq prgho lv deoh wr
jlyh d vrxqg sk|vlfdo lqwhusuhwdwlrq wr htxdwlrq +:,/ eulqjlqj wkh vhpl0fodvvlfdo
fdofxodwlrqv wr wkh h{dfw +txdqwxp, uhvxowv lq txlwh jhqhudo flufxpvwdqfhv> dqg
surylglqj xv zlwk pruh lqirupdwlrq derxw wkh hhfwlyh wlph0odz ri wkh wudqvihu1
6 Wkh  xfwxdwlrq prgho eulqjv ghwdlohg edodqfh
wr wkh fodvvlfdo h{suhvvlrqv ri hqhuj| wudqvihu
suredelolwlhv
D vdggoh0srlqw +VS, whfkqltxh fdq eh xvhg wr hydoxdwh erwk wkh Irxulhu lqwhjudo
dsshdulqj lq +6, dqg wkh txdqwxp vxshusrvlwlrq lqwhjudo +riwhq zlwk ZNE
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irupv dvvxphg iru wkh zdyhixqfwlrqv, dsshdulqj lq +8,1 W|slfdo h{srqhqwldo
irupv duh wkhq rewdlqhg iru erwk SVF +H, dqg SZNEtp +Hl/Hi , =
SVSVF +H, @ D h{s^5$li+H,` +;,
SZNE>VStp +Hl/Hi , @ D h{s^5EZNE+Hl/Hi ,` +<,
Khuh +H, lv dq dssursuldwh fodvvlfdo wlph fkdudfwhul}lqj wkh froolvlrq/ dqg
EZNE d fruuhvsrqglqj txdqwxp0olnh h{srqhqw1 Wkh suh0h{srqhqwldo idfwru D
jhqhudoo| wxuqv rxw wr eh wkh vdph frqvwdqw lq erwk h{suhvvlrqv1 Lq d ydulhw| ri
sudfwlfdo h{dpsohv vkrzq lq uhihuhqfhv ^49` dqg ^53`/ zh frxog ghprqvwudwh wkdw
rqh dozd|v qgv
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Wklv htxdwlrq uhdgv dv d sduwlfxoduo| vxffhvvixo v|pphwul}dwlrq whfkqltxh1 Lw
dovr ohqgv lwvhoi wr wkh txrwhg dqdorj| zlwk htxdwlrq +7,= li lqghhg d froolvlrqdo
hqwurs|
Vvf+H, @ oq ^SVF +H,` +44,
lv lqwurgxfhg/ wkhq wkh v|pphwul}hg vhpl0fodvvlfdo suredelolw| zloo dsshdu dv d
 xfwxdwlrq suredelolw| ri Hlqvwhlq*v w|sh
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zkhuh Vli lv wkh lqwhjudo phdq ri Vvf+H,1 Wkh v|pphwul}hg SVF +H, lv wkxvfdoohg d  xfwxdwlrq suredelolw| Sli +Hl/Hi ,1
Htxdwlrq +43, dovr vkrzv xv wkdw wkh frqwlqxrxv vshfwuxp ri hqhuj| ydo0
xhv lqfoxghg lq wkh lqhodvwlf lqwhuydo +Hl/Hi , pxvw eh wdnhq lqwr dffrxqw wr
dssurdfk wkh txdqwxp phfkdqlfdo h{suhvvlrqv zkhq vwduwlqj iurp wkh vhpl0
fodvvlfdo rqhv1 Dfwxdoo|/ lw vkrzv wkdw shuiruplqj wkh vlpsoh lqwhjudo phdq ri
oq ^SVF +H,` lv txlwh hhfwlyh zkhq ghdolqj zlwk VS0dssur{lpdwhg h{suhvvlrqv1Exw xqiruwxqdwho|/ wkh vdph uxoh zloo qrw zrun dv zhoo zkhq wkh VS dssur{0
lpdwlrq lv gursshg r/ dqg h{dfw fdofxodwlrqv ri wkh lqwhjudov duh shuiruphg1
Lq rughu wr xqghuvwdqg krz wr jhw d pruh jhqhudo uxoh/ zh qrz frqvlghu wkh
iroorzlqj1
Lq wkh wlph0ghshqghqw zdyh0htxdwlrq irupdolvp iru wkh frxsolqj ri txdqwxp
vwdwhv/ d pl{hg vwdwh lv iruphg/ zlwk wlph0ghshqghqw suredelolw| dpsolwxgh fr0
h!flhqwv dhfwlqj erwk wkh lqlwldo dqg qdo vwdwhv1 Gxulqj wkh wlph hyroxwlrq
wkhuhiruh/ wkh hqhuj| ri wkh v|vwhp vzhhsv frqwlqxrxvo| dfurvv wkh lqwhuydo iurp
Hl wr Hi 1 Vr lq wkh fruuhvsrqglqj vwdwlvwlfdo hqvhpeoh ri vwdwhv/ d ghqvlw| ri
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vwdwhv S+H, +qxpehu ri hqhuj| vwdwhv ehwzhhq H dqg H.gH, dydlodeoh wr wkh
v|vwhp vkrxog hqwhu htxdwlrq +45,1 Lqghhg/ wkh ixqfwlrq S+H, fdq eh lghqwlhg
lq wkh vdph htxdwlrq mxvw dv wkh frqvwdqw ixqfwlrq 42+Hi 0Hl,1
Lq wkh suhvhqw sdshu zh zdqw wr hyroyh wrzdugv d pruh jhqhudo fdvh> wkhq iru
lpsuryhg fdofxodwlrqv/ wkh jhqhudo uxoh jlyhq e| wkh  xfwxdwlrq prgho wr dsso|
ghwdlohg edodqflqj zloo eh wr fdofxodwh wkh v|pphwul}hg txdqwlw|
Sli +Hl/Hi , @ h{s ^? Vvf+H, A` @ h{s
] Hi
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oq ^SVF +H,`S+H,gH +46,
zkhuh d pruh vxlwdeoh/ jhqhudo h{suhvvlrq ri S+H, pxvw qrz eh dssolhg1
Lqghhg/ zh duh jrlqj wr lqwurgxfh d yhu| w|slfdo h{suhvvlrq iru wklv ixqfwlrq/
vkrzlqj wkdw lw lv deoh lq sudfwlfh wr pdnh h{suhvvlrq +46, dozd|v htxdo wr wkh
fruuhvsrqglqj txdqwxp0phfkdqlfdo rqh1 Lq rwkhu zrugv/ xqghu yhu| sudfwlfdo
exw udwkhu jhqhudo dvvxpswlrqv/ iru hdfk jlyhq wudqvihu surfhvv zh duh deoh wr
qg d ixqfwlrq S+H, vxfk wkdw
Sli +Hl/Hi , @ h{s
] Hi
Hl
oq ^SVF +H,`S+H,gH * Stp+Hl/Hi , +47,
Wkh dfklhyhphqw ri wklv uhvxow lv lq sulqflsoh pdgh srvvleoh e| wkh yhu|
htxdwlrq +:,/ zklfk pxvw eh frqvlghuhg d ixqgdphqwdo dvvxpswlrq lq wklv sdshu1
\hw zh zdqw wr vwuhvv wkdw qglqj wkh dssursuldwh ghqvlw| h{suhvvlrq S+H, lv
qrw d wulyldo pdwwhu dw doo/ ehfdxvh lw pxvw qrw rqo| eh vxeplwwhg wr frqglwlrq
+47, lq d pdwkhpdwlfdo vhqvh> exw lw dovr kdv wr ehkdyh frqvlvwhqwo| zlwk wkh uhdo
wudqvihu sk|vlfv1 Lqghhg/ wkh pdwkhpdwlfdo vwuxfwxuh ri htxdwlrq +46, surylghv
xv zlwk vrph yhu| shfxoldu lqirupdwlrq derxw wkh wudqvihu wlph0odz +vhh qh{w
vhfwlrq,/ vr wkdw S+H, pxvw eh deoh wr dffrxqw iru lw1 Frpso|lqj zlwk wkh
phqwlrqhg frqglwlrqv zloo eulqj xv/ dw ohdvw frqfhswxdoo| +6,/ wr d frpsohwh
fodvvlfdo prghoolqj ri wkh txdqwxp wudqvihu lq wkh suhvhqw zrun1
Vlqfh lw lv qrw srvvleoh wr shuirup jhqhudo fdofxodwlrqv ri htxdwlrq +46, iru
dq| duelwudu| ixqfwlrq SVF +H,/ zh kdyh wr qg khos lq d idyrudeoh/ dqg srvvleo|jhqhudo/ srvlwlrq1 Iru frpsxwdwlrqdo sxusrvhv wkhuhiruh/ zh dvvxph d sduderolf
lqwhusrodwlrq iru oqSVF +H, lq wkh +Hl/Hi , lqwhuydo1 Wklv lv pdwkhpdwlfdoo| df0fhswdeoh iru d juhdw qxpehu ri fdvhv/ xqohvv wkh ixqfwlrq oqSVF +H, kdv d yhu|idvw yduldwlrq lq wkh lqwhuydo1 Zh zulwh
oqSVF +H, * s. tH. uH5 +48,
Hl  H  Hi +49,
Wkh lqwhusrodwlrq frh!flhqwv s/ t/ u duh vxfk wkdw
oqSVF +Hl, @ s. tHl . uH5l +4:,
6Iurp d whfkqlfdo srlqw ri ylhz/ lw lv fohdu wkdw fruuhfwlrqv ru uhqhphqwv duh dozd|v
dgplvvleoh wr rxu sursrvhg h{suhvvlrqv +53, wr +56,> wr wkh glvwruwhg srwhqwldov lq +69, dqg
+6:,/ dqg wr wkh {7rS+H, h{suhvvlrq lwvhoi iru lpsuryhg ghvfulswlrq1
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oqSVF +Hi , @ s. tHi . uH5i +4;,
oqSVF +Hhii , @ s. tHhii . uH5hii @ oqStp+Hl/Hi , +4<,
Lq wklv zd|/ wkh pdwkhpdwlfdo h{suhvvlrq ri oqSVF +H, lv vlpsolhg exw lwv hv0vhqwldo ehkdylru lq wkh uhihuhqfh lqwhuydo lv suhvhuyhg1
Qrz frqvlghu wkh +qrupdol}hg wr 4/ vlqjxodu lq Hhii , ghqvlw|=
S+H, @ fl +H Hl,sHhii  H Hl  H ? Hhii +53,
fl @ 6+Hi 0Hhii ,+:t.+6Hi .44Hhii ,u,7+Hhii 0Hl,6@5+Hi 0Hl,+:t.+6Hi.;Hhii.6Hl, u, +54,
S+H, @ fi +Hi 0H,sH Hhii Hi  H A Hhii +55,
fi @ 6+Hhii 0Hl,+: t.+6Hl.44Hhii , u,7+Hi 0Hhii ,6@5+Hi 0Hl,+: t.+6Hi.;Hhii.6Hl, u, +56,
Wklv sursrvhg ixqfwlrq lv txlwh d shfxoldu plfurfdqrqlfdo0olnh hqhuj| glvwulex0
wlrq iru wkh vwdwlvwlfdo hqvhpeoh1 Lq wklv hog/ rqh jhqhudoo| qgv pruh frpprq
ixqfwlrqv dv Gludf ghowdv/ uhfwdqjxodu/ h{srqhqwldo hwf1/ zklfk duh vxlwdeoh iru
vlpsohu prghov lq d jhqhudo vwdwlvwlfdo sk|vlfv grpdlq1 Zlwk htxdwlrqv +53,0+56,
zh kdyh jlyhq lqvwhdg d pruh vshflf ixqfwlrq/ deoh wr phhw zlwk doo sk|vlfdo
dqg pdwkhpdwlfdo uhtxluhphqwv ri wkh suhvhqw prgho> qrqh ri wkh txrwhg vlp0
sohu irupv fdq eh eurxjkw wr wkh vdph shuirupdqfhv dv zh duh jrlqj wr h{srxqg
lq wklv sdshu1
Li wkh txdgudwlf lqwhusrodwlrq +48, lv dovr xvhg lq +46,/ rqh fdq hdvlo| vkrz
wkdw zlwk wkh ghqvlw| +53,0+56, zh rewdlq
Sli +Hl/Hi , @ h{s^s. tHhii . uH5hii ` @ Stp+Hl/Hi , +57,
Wkhuhiruh/ d frqfhswxdo frqvlvwhqf| ri wkh fodvvlfdo0wr0txdqwxp suredelolw|
h{suhvvlrqv fdq eh frqvlghuhg douhdg| lqvxuhg e| dvvxpswlrq +:,/ dovr dsshdulqj
lq +4<,> exw khuh/ zh qrw rqo| kdyh jrrg prghoolqj iurp d pdwkhpdwlfdo srlqw
ri ylhz/ exw dovr d vrxqg sk|vlfdo prgho/ deoh wr ghvfuleh wkh hhfwlyh wlph0odz
ri wkh wudqvihu +lq wkh qh{w vhfwlrq,1
7 D txdvl0hujrglf srvwxodwh eulqjv iurp S+H,
wr wkh hhfwlyh wlph0odz
Wkh vwuxfwxuh ri htxdwlrq +46, uhyhdov d eulgjh ehwzhhq wkh hqvhpeoh vwdwlvwlfv
dqg wkh wlph hyroxwlrq ri d vlqjoh surfhvv1 Lw lv d pxowlsoh mrlqw suredelolw| wr
:
vwhs frqwlqxrxvo| iurp rqh hqhuj| vwdwh wr wkh iroorzlqj/ doo dfurvv wkh lqwhuydo
iurp Hl wr Hi +khuh Hl H4/ Hi Hp,=
Sli +Hl/Hi , @ h{sgV4 h{sgV5=== h{sgVp @
@ SVF +H4,S+H4,gH4 ===SVF +Hp,S+Hq,gHp +58,
Wklv vxjjhvwv wkdw zkhq d vlqjoh wudqvihu rffxuv/ d sdwk lv iroorzhg dfurvv wkh
lqwhuydo iurp Hl wr Hi / dqg wkh hqvhpeoh suredelolw| ri hdfk vwdwh H fdq eh
olqnhg wr lwv hhfwlyh wlph olih gw e| +zkdw zh fdoo, d txdvl0hujrglf srvwxodwh=
S+H,gH @ +w,gw +59,
Khuh  lv wkh phdq froolvlrq wlph1 Zh fdoohg wklv srvwxodwh txdvl0hujrglf ehfdxvh/
li wkh ixqfwlrq +w, frxog +iru qrz k|srwkhwlfdoo|, eh vhw htxdo wr 4/ wkhq wkh
vwdwlvwlfdo dyhudjh ri hyhu| ixqfwlrq j zrxog eh htxdo wr lwv fruuhvsrqglqj wlph0
dyhudjh+7,=
] Hi
Hl
j+H,S+H,gH @ 4
] @5
@5
j+w,gw +5:,
Krzhyhu/ wklv lv qrw wkh fdvh iru wkh prgho zklfk lv ehlqj h{srxqghg khuh1 Zh
wkhuhiruh pxvw h{sodlq wkh sk|vlfdo phdqlqj ri wkh ixqfwlrq +w,/ dqg zh zloo gr
lw odwhu lq wkh sdshu1 Exw rqfh wklv srlqw kdv ehhq pdgh fohdu/ dw odvw/ zh zloo
dovr vhh wkdw d vlpsoh uh0ghqlwlrq ri rxu pdlq txdqwlwlhv zloo eulqj xv vwudljkw
wr dq hujrglf prgho/ zlwk htxdwlrq +5:, dozd|v vdwlvhg1 Wkh hqoljkwhqlqj ri
wklv qdo vwhs lv uhvhuyhg wr wkh vhfwlrq hujrglf prgho dw wkh hqg ri wkh sdshu1
Htxdwlrq +59, jlyhv xv d vroxwlrq H+w, iru wkh hqhuj| wlph0odz iroorzhg e|
d vlqjoh wudqvihu/ zkhqhyhu d ixqfwlrq +w, lv vshflhg1 Wklv dovr phdqv wkdw
zkhq zh nqrz wkh hhfwlyh wlph0odz iru wkh hqhuj| lq d wudqvihu surfhvv +fodvvl0
fdoo| prghoohg,/ iru hdfk ri wkhp zh fdq vroyh wkh fodvvlfdo wudmhfwru| htxdwlrq
fkdudfwhul}lqj wkh froolvlrq +uhphpehu rxu prgho lv xql0glphqvlrqdo lq wkh {0
fr0ruglqdwh vsdfh0grpdlq,=
4
5y
5 . X+{, @ H+w, Hl  H  Hi +5;,
Wkhuhiruh zh zloo ghwhuplqh/ lq wkh qh{w vhfwlrq/ d vxlwdeoh +w, iru jrrg
prghoolqj1 Exw wklv zloo eh mxvw grqh e| wkh uhyhuvh phwkrg/ l1h1 qglqj wkh
+w, ixqfwlrq frqvhtxhqw wr d ihz yhu| vlpsoh/ exw udwlrqdo dvvxpswlrqv zh fdq
wdnh rq wkh froolvlrq wlph0odz lq wkh vsdfh0wlph grpdlq1 Zh zloo reylrxvo| fkhfn
wkh sodxvlelolw| ri wkh uhvxow diwhuzdugv1
7 Li zh vhw #+w,' 4 lqghhg/ htxdwlrq +59, dfwxdoo| uhgxfhv wr wkh nqrzq hujrglf k|srwkhvlv1
Sohdvh qrwh wkdw zh xvhg wkh dwwulexwh txdvl0hujrglf qrw mxvw lq wkh whfkqlfdo vhqvh ri wkh
nqrzq wkhruhpv/ exw vlpso| dv dq ruglqdu| odqjxdjh vwdwhphqw deoh wr h{flwh hdv| sk|vlfdo
xqghuvwdqglqj derxw wkh sursrvhg prgho1
;
8 Glvwruwhg srwhqwldov whfkqltxh
Li zh dvvxph wkdw wkh wlph yduldeoh w lv jlyhq dv d ixqfwlrq ri { yld wkh lqyhuvh
wlph0odz/ zh fdq ghqh wkh glvwruwhg srwhqwldo
Xhii +{, @ X+{, H ^w+{,` . Hhii +5<,
dqg htxdwlrq +5;, zloo uhdg
4
5y
5 . Xhii +{, @ Hhii +63,
Lq rughu wr ghdo zlwk wkhvh htxdwlrqv zh fdq surfhhg dv iroorzv1 Iluvw zh qrwh
wkdw wkh wlph0ghulydwlyh ri wkh ixqfwlrq H+w, pxvw eh 3 lq Hhii +frqvlghu wkdw
lq htxdwlrq +59, S+Hhii ,$4,1 Wkhq/ li {3 lv wkh pd{lpxp dssurdfk glvwdqfh
fkdudfwhul}lqj wkh wudmhfwru|/ zh kdyh=
w+{3, @ 3 +64,
y+{3, @ 3 +65,
Xhii +{3, @ X+{3, @ Hhii +66,
Qrz wkh vlpsohvw exw sk|vlfdoo| phdqlqjixo h{suhvvlrq iru H^w+{,` lv
H ^w+{,` @ Hl .

4 HlHhii

X+{, +4 ? w  3, +67,
H ^w+{,` @ Hi .

4 HiHhii

X+{, +3  w ?4, +68,
Wkhvh htxdwlrqv duh lqghhg frpsoldqw zlwk frqglwlrq +66,> dqg zlwk Hl H
Hi / li olpm{m$4 X+{, @ 3 0 dv lv jhqhudoo| wkh fdvh1
Qrz htxdwlrq +5;, zloo uhdg
4
5y
5 . HlHhii X+{, @ Hl +4 ? w  3, +69,
4
5y
5 . HiHhii X+{, @ Hi +3  w ?4, +6:,
Zh fdq dovr zulwh
4
5
Hhii
Hl y
5 . X+{, @ Hhii +4 ? w  3, +6;,
<
4
5
Hhii
Hi y
5 . X+{, @ Hhii +3  w ?4, +6<,
Wkhvh htxdwlrqv duh hvvhqwldoo| wkh ruglqdu| hqhuj| wkhruhp lq zklfk wkh hi0
ihfwlyh pdvvhv Hhii2Hl dqg Hhii2Hi / lq wkh wzr uhvshfwlyho| txrwhg grpdlqv
ri wlph/ qrz dsshdu1 Lq wkh dvvxpswlrqv zh kdyh wdnhq/ wkh wlph0odzv iru fodv0
vlfdo wudmhfwrulhv vxewhqglqj wkh lqhodvwlf wudqvihu fdq wkhuhiruh eh rewdlqhg e|
doo wkh nqrzq uhvxowv iru vwdqgdug srwhqwldov/ zkhqhyhu wkh hhfwlyh pdvvhv duh
lqvhuwhg lqwr wkhlu h{suhvvlrqv1
Xvlqj htxdwlrqv +59,/ +6;, +6<, +67, +68, zh fdq dovr zulwh
S+H,gH @ +w,gw  +w+{,,
g{
y{+{,  +{,
mg{m
y+{, @ +73,
@ +{,
v

5Hl
Hhii 0Hl
Hhii  H+{,
mg{m
 +4 ? w ? 3, +74,
@ +{,
v

5Hi
Hi 0Hhii
H+{, Hhii
mg{m
 +3 ? w ?4, +75,
dqg e| frpsdulvrq zlwk htxdwlrqv +53, wr +56, zh qg wkh  ixqfwlrq +qrz ri
{,=
+{, @ l

gX
g{
X+{, Hl  H ? Hhii +76,
l @ 6
sHl+Hi 0Hhii ,+: t.6Hi u.44Hhii u,s; Hhii +Hi 0Hl, ^: t.+6Hi.;Hhii.6Hl, u` +77,
+{, @ i

gX
g{
X+{, Hi  H A Hhii +78,
i @ 6
sHi +Hhii 0Hl,+: t.6Hl u.44Hhii u,s; Hhii +Hi 0Hl, ^: t.+6Hi.;Hhii.6Hl, u` +79,
9 Glvfxvvlrq dqg uhpdunv
Gxulqj dq hhfwlyh wudqvihu/ wkh v|vwhp vwduwv zlwk d froolvlrq hqhuj| Hl +wkh
froolvlrq sduwqhuv duh vwloo dw idu glvwdqfh iurp hdfk rwkhu,/ uhdfkhv d pd{lpxp
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dssurdfk glvwdqfh zkhuh wkh hqhuj| lv hydoxdwhg dv Hhii lq rxu prgho/ dqg
jrhv djdlq edfn wr idu uhodwlyh glvwdqfhv zkhuh wkh qdo hqhuj| lv Hi 1 Vr wkh
hqhuj| ydoxhv Hl dqg Hi +dqg wkhlu qh{w qhljkeruv, sod| wkhlu surshu uroh ri
wudqvodwlrqdo hqhujlhv rqo| dw idu glvwdqfhv/ zkhuh wkh wudqvihu hhfwlyhqhvv lv
pxfk orzhu wkdq lw lv dw wkh forvhvw rqhv1 Wkhq d +uhodwlyho|, vpdoohu udwh ri
fkdqjh ri wkh hqhuj| vkrxog eh wdnhq lqwr dffrxqw dw idu glvwdqfhv/ ehfdxvh lq
rxu fdofxodwlrqv wkh suredelolw| SVF +H, lv hydoxdwhg dw xqshuwxuehg hqhuj|/e| d IRSW surfhgxuh1 Zlwk qr zhljkw / wkh uhdo olihwlph gw ri hqhuj| ydoxhv
dw idu glvwdqfhv zrxog eh xqghuhvwlpdwhg lq htxdwlrq +59,> ru dowhuqdwlyho|/ zh
frxog dovr vd| wkdw wkh hqwurs| oqSVF +H, lq wkh lqwhjudqg ri +47, zrxog wxuqrxw ryhuhvwlpdwhg zkhq H$Hl ru H$Hi 1 Wkh sk|vlfdo phdqlqj ri wkh ixqfwlrq
 lv wkhuhiruh wr vprrwk rxw wkh hhfw ri wkh IRSW dssur{lpdwlrq/ zhljkwlqj
glhuhqwo| idu dqg forvh glvwdqfhv1 Wklv vkrxog eh grqh lq djuhhphqw zlwk d
surshu vsdfh ghshqghqfh ri wkh lqwhudfwlrq Kdplowrqldq1 Zh wkhuhiruh vhh wkdw
rxu h{suhvvlrqv +76, wr +79, iru  uhyhdo dq lpsolflw dvvxpswlrq ri rxu prgho
rq wkh lqwhudfwlrq= wr wkh hhfw ri fdofxodwlqj / lw dsshduv dv wkh judglhqw ri
wkh +vtxduhg, glxvlrq srwhqwldo1 Frqfhswxdoo|/ wklv pd| eh frqvlghuhg d yhu|
dgplvvleoh ixqfwlrq/ li olplwhg wr wkh suhvhqw vlpsoh dqg jhqhudo ghvfulswlrq1
Lqghhg iru vpdoo0dpsolwxgh prohfxodu rvfloodwlrqv/ wkh lqwhudfwlrq Kdplowrqldq
lv nqrzq wr kdyh +lq sulqflsoh, d jhqhudo ghshqghqfh rq wkh uvw ghulydwlyh ri
wkh lqwhuprohfxodu srwhqwldo +wkh ixqfwlrq Ili +{,,1 Exw iurp d sudfwlfdo srlqw
ri ylhz/ zkhq vrph h{whqw ri qhjdwlyh lqwhuihuhqfh ehwzhhq wkh frxsohg lqwhuqdo
vwdwhv lv frqvlghuhg/ d vwurqjhu srzhu vkrxog eh wdnhq wr uhsuhvhqw qrq0uhvrqdqw
wudqvihuv lq wkh suhvhqw frqwh{w1 Wkhq zh frqfoxgh wkdw wkh h{suhvvlrq ri /
jlyhq lq htxdwlrqv +76, wr +79,/ lv dssursuldwh wr wkh suhvhqw vlpsoh iudphzrun>
dqg kdv d juhdw srwhqwldo wr hyroyh lqwr pruh uhqhg h{suhvvlrqv zkhq pruh
dffxudwh glvwruwhg srwhqwldov wkdq zh kdyh fkrvhq lq htxdwlrqv +69,/ +6:, zloo
eh xvhg lq ixwxuh zrun1
: Qxphulfdo h{dpsoh
Ohw xv frqvlghu khuh wkh fdvh ri d +Y0W, hqhuj| wudqvihu ehwzhhq prohfxohv1
Ohw lw eh jryhuqhg e| dq h{srqhqwldo0uhsxovlyh lqwhuprohfxodu srwhqwldo
X+{, @ G h{s^{` +7:,
zlwk lqwhqvlw| G dqg fkdudfwhulvwlf udwh / dv lqyhvwljdwhg douhdg| e| ]hqhu
^44/45`1 Wklv dxwkru h{suhvvhg wkh vhpl0fodvvlfdo IRSW wudqvlwlrq suredelolw|
+fr0olqhdu khdg0rq hqfrxqwhuv/ vpdoo yhorflwlhv, dv
SVF +H, @ ;
55$
5kP
4
7
4
vlqk5^$@+
t 5
H,`
+7;,
44
Khuh  lv wkh uhgxfhg pdvv ri wkh froolvlrqdo v|vwhp1 P lv wkh lqwhuqdo yleudwlqj
pdvv/ $ wkh sxovdwlrq ri wkh lqwhuqdo +kduprqlf, prwlrq/ dqg klv wkh Sodqfn*v
frqvwdqw1 Iru wkh vdph wudqvihu/ dqg dfwxdoo| zlwk wkh vdph sk|vlfdo dvvxps0
wlrqv wdnhq e| ]hqhu douhdg|/ Mdfnvrq dqg Prww ^63` surylghg wkh txdqwxp
phfkdqlfdo uhvxow fruuhvsrqglqj wr htxdwlrq +7;,=
Stp+Hl/Hi , @ ;
55$
5kP
vlqk^5
t 5
Hl@+k,` vlqk^5
t 5
Hi@+k,`
+frvk^5
t 5
Hl@+k,` frvk^5
t 5
Hi@+k,`,5
+7<,
Iru wklv fdvh/ zh kdyh vroyhg qxphulfdoo| wkh htxdwlrqv +:, +4:, +4;, +4<, lq s/
t/ u/ Hhii +jlyhq d suhghqhg vhw ri ydoxhv iru Hl/Hi , dqg vkrz wkh uhvxowv lq qx0
phulfdo wdeohv +lq Dsshqgl{> wkh hqhujlhv duh lqglfdwhg zlwk dq dgglwlrqdo lqgh{
q ehfdxvh wkh| doo kdyh ehhq qrupdol}hg wr wkh ydoxh k55@+;5,,1 Dprqjvw
rwkhu/ wkh wdeohv vkrz wkdw Hhii / frqvlvwhqwo|/ dozd|v olhv ehwzhhq wkh ydoxhv
Hl/Hi 1 Wklv jlyhv vhqvh wr wkh frh!flhqwv s/ t/ u dqg wr rxu prgho frpsuhkhq0
vlyho|1 Qxphulfdo ydoxhv iru wkh frh!flhqwv fl/ fi dsshdulqj lq htxdwlrqv +54,
dqg +56, iru wkh suredelolw| ghqvlw| duh dovr jlyhq1 Wkh| doo frph rxw srvlwlyh
qxpehuv dv wkh| pxvw/ iru d frqvlvwhqw ghqvlw| ghqlwlrq1 Dw odvw/ zh vroyhg
wkh htxdwlrqv +6;, dqg +6<, iru wkh fdvh dw kdqg dqg vkrz khuh wkh uhvxowlqj
glvwruwhg wlph0odzv1 Dv lv fohdu e| vlpsoh lqvshfwlrq/ wkh| jlyh vsdfh yv wlph
uhodwlrqv iru d frxsoh ri froolghuv vwduwlqj lq {l @4 dw d wlph w @ 4 zlwk hq0
huj| Hl> mrlqlqj wkh pd{lpxp dssurdfk glvwdqfh {3 @ +4@, oq^Hhii@G` zkhq
w @ 3 zlwk dq hqhuj| Hhii > dqg jrlqj edfn wr idu glvwdqfhv {i @ 4 dw d wlph w
@ 4 zlwk qdo hqhuj| qrz fkdqjhg lqwr Hi =
{l+w, @
v
5Hl
 w
4
 oq^7
Hhii
G ` .
5
 oq^4 . h{s^
v
5Hl
 w``
+83,
+4 ? w  3,
{i +w, @ 
v
5Hi
 w
4
 oq^7
Hhii
G ` .
5
 oq^4 . h{s^
v
5Hi
 w``
+84,
+3  w ?4,
Iurp htxdwlrqv +67,/ +68, zh qdoo| kdyh wkh hqhuj| wlph0odz
H+w, @ Hl . 7 Hhii  Hl^4 . h{s^
t5Hl w`5
h{s^
v
5Hl
 w` +85,
45
+4 ? w  3,
H+w, @ Hi . 7 Hhii  Hi^4 . h{s^
t5Hi
 w`5
h{s^
v
5Hi
 w` +86,
+3  w ?4,
Wr wkh sxusrvhv ri wkh qh{w vhfwlrq/ zh dovr dgg khuh wkh h{suhvvlrq ri wkh
idfwru  iru wkh fdvh dw kdqg khuh =
+H, @ lH5hii +H Hl,
5
+Hhii  Hl,5 Hl  H ? Hhii
+87,
+H, @ iH5hii +H Hi ,
5
+Hhii  Hi ,5 Hi  H A Hhii
+88,
; Hujrglf prgho
E| wkh uhpdunv lq suhylrxv vhfwlrqv/ zh qrz frph wr wkh iroorzlqj ylhz1 Dvvxp0
lqj 0 dv zh kdyh vdlg wr eh jhqhudoo| rxu fdvh 0 wkdw wkh vhpl0fodvvlfdoo| fdofxodwhg
suredelolw| SVF +H, hydoxdwhv dw xqshuwxuehg hqhuj|/ zh kdyh irxqg wkdw dzhljkw idfwru +w, lv qhfhvvdu| lq htxdwlrq +59, iru jrrg prghoolqj1 Li lpsuryhg
ghqlwlrqv +ru pruh dffxudwh fdofxodwlrqv dv zhoo, iru S+H,/ VVF +H, dqg iruwkh wudqvihu wlph0odz H+w, frxog eh xvhg/ zh zrxog h{shfw wklv idfwru wr eh
judgxdoo| uhgxfhg wr xqlw|/ vr wkdw wkh hujrglf htxdwlrq +5:, lv vdwlvhg1 Vxfk
dq rxwfrph lv h{shfwhg ehfdxvh d txdqwxp0phfkdqlfdo suredelolw| lv nqrzq wr
dsso| hyhq wr d vlqjoh froolvlrq1 Exw d vwudljkw +dowkrxjk vrphzkdw duwlfldo,
zd| wr dfklhyh wkh uhvxow lv vlpso| dv iroorzv1 Zh uh0qrupdol}h rxu txdqwlwlhv
lqfoxglqj wkh idfwru  erwk lq wkh VVF +H, dqg S+H, h{suhvvlrqv +e| wkh hqhuj|wlph0odz H+w,/ frqvlghu qrz  dv d ixqfwlrq ri H,=
VVF +H, @ oqSVF +H,$ V3VF +H, @ +H, oqSVF +H, +89,
S+H,$ S3+H, @ S+H,+H, +8:,
Wkhq htxdwlrqv +46, dqg +59, zulwh
Sli +Hl/Hi , @ h{s
] Hi
Hl
VVF +H,S+H,gH @ h{s
] Hi
Hl
V3VF +H,S3+H,gH +8;,
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S3+H,gH @ gw +8<,
dqg wkh jhqhudo htxdwlrq +5:, lv vdwlvhg e| S3+H,1 Wklv vlwxdwlrq fohduo| ihdwxuhv
zkdw zh kdyh fdoohg wkh hujrglf prgho1
Lq wklv zd|/ lw lv ehwwhu h{srxqghg qrz wkdw d surshu ghqlwlrq ri wkh fro0
olvlrqdo hqwurs| pxvw wdnh lqwr dffrxqw wkh zhljkw idfwru +vr zh fdq fdoo  d
orfdo hqwurs| idfwru,1 Wklv lv qhfhvvdu| lq rughu wr fxw r wkh dvvxphg IRSW
h{suhvvlrq oqSVF +H, dw idu glvwdqfhv> wkhq zh dovr xqghuvwdqg wkdw wkh +H,ghqlwlrq lv vwulfwo| fruuhodwhg wr wkh dffxudf| zh fdq kdyh lq fdofxodwlqj wkh
ixqfwlrq SVF +H,1Dprqjvw rwkhu/ zh vhh wkdw htxdwlrqv +89, wr +8<, suhvhuyh wkh wlph0odzv
+83, wr +86, zh kdyh irxqg lq wkh suhylrxv vhfwlrq iru wkh jlyhq h{dpsoh +8,1
Dw odvw/ wkhuhiruh/ zh sursrvh khuh wkdw wkh hqwurs| ghqlwlrq +89,/ lqfoxglqj
idfwru / eh lqwurgxfhg iurp qrz rq lqwr wkh vhpl0fodvvlfdo0olnh wudqvihu fdofxod0
wlrqv> dqg wkdw wkh ixqfwlrq S3+H, eh fruuhvsrqglqjo| xvhg1 Lq vxfk d zd| wkh
srsxodu vhpl0fodvvlfdo0olnh/ xqshuwxuehg hqhuj| dssur{lpdwlrqv duh lpsuryhg>
dqg ixuwkhu uhqhphqwv ri rxu prgho vlpso| kdyh wr srlqw wr juhdwhu dffxudf|
lq wkh hydoxdwlrq ri V3VF +H, dqg S3+H, zlwk fruuhodwhg glvwruwhg srwhqwldov dqgwlph0odzv irupv1
< Frqfoxvlrq
Lq wklv sdshu/ zh kdyh wdnhq d yhu| sudfwlfdo srlqw ri ylhz iru rxu ghprqvwud0
wlrqv1 Wkh| kdyh ehhq edvhg rq wkh sdudphwulf dvvxpswlrqv h{suhvvhg e|
htxdwlrqv +:, dqg +48, wr +4<,> exw iurp d frqfhswxdo srlqw ri ylhz/ zh eholhyh
kdylqj vkrzq d juhdw srwhqwldolw| ri wkh hqhuj|  xfwxdwlrq prgho wr rewdlq
wkh h{dfw txdqwxp phfkdqlfdo uhvxowv lq wkh grpdlq dw kdqg1 Fhuwdlqo|/ uh0
qhphqwv ru fruuhfwlrqv pxvw eh dssolhg lq ixwxuh ghyhorsphqwv ri wkh prgho>
dv d pdwwhu ri idfw/ pdq| rwkhu vshflf h{dpsohv vkrxog eh dqdo|}hg lq rughu
wr lqvxuh wkdw lw zloo vwloo eh vxlwdeoh lq vrph pruh h{wuhph fdvhv wkdq khuh
glvfxvvhg +iru lqvwdqfh/ zkhq d sduderolf dssur{lpdwlrq iru SVF +H, fdqqrw ehdffhswhg,1 \hw wkh iudphzrun jlyhq khuh vhhpv wr xv d udwkhu jhqhudo rqh/ dqg
xvhixo wr hqoljkwhq d vxewhqghg sk|vlfdo lqwhusuhwdwlrq dw d fodvvlfdo phfkdqlfv
ohyho1 Wkhq lw pd| krshixoo| surylgh d ixuwkhu uhihuhqfh wr wkh pdq| dwwhpswv
zklfk vwloo qrzdgd|v duh glxvho| fduulhg rxw iru d ghhshu xqghuvwdqglqj ri wkh
uhodwlrqv ehwzhhq fodvvlfdo dqg txdqwxp sk|vlfv1
8Wkhvh wlph0odzv gr qrw ghshqg rq wkh ydoxh ri  / lqwurgxfhg lq +59,= |hw htxdwlrq +8<,
vkrzv wkdw qrupdol}lqj wr xqlw| wkh ghqvlw| S+H, iru wkh dvvxphg h{dpsoh uhtxluhv  <
" +wklv pd| orrn lpsurshu dw d uvw jodqfh exw lv qrw d prgho idloxuh1 Lw lv lqvwhdg d
pdwkhpdwlfdo sdudgr{ jhqhudwhg e| wkh idfw wkdw wkh srwhqwldo +7:, lv dqdo|wlfdoo| ghqhg lq
wkh vsdfh grpdlq +3" 	{	", ri lqqlwh h{whqvlrq,1 Vlpsoh dssur{lpdwlrqv fxwwlqj r wkh
h{srqhqwldo wdlov lq wkh hqhuj| wlph0odz fdq hdvlo| holplqdwh wklv frpsxwdwlyh hgjh1
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43 Uhihuhqfhv
^4` PDVWURFLQTXH J1/ Dqqdohv gh od Irqgdwlrq Orxlv gh Eurjolh/ 5:/ 446
+5335,> 5:/ 994 +5335,
^5` PDVWURFLQTXH J1/ Dqqdohv gh od Irqgdwlrq Orxlv gh Eurjolh/ 5:/
< +5335,> 5;/ 44< +5336,
^6` HLQVWHLQ D1/ Sk|v1 ]1 43/ 4;8 +4<3<,
^7` ERKP G1 dqg YLJLHU M1 S1/ Sk|v1 Uhy1 <9/ 53; +4<87,
^8` NDSLW]D S1 O1/ Xvs1 Il}1 Qdxn 77/ : +4<84,
^9` NDSLW]D S1 O1/ ]k1 Hnvs1 Whru1 Il}1 54/ 8;; +4<84,
^:` ODQGDX O1 G1 dqg OLIVFKLW] H1 P1/ Pìfdqltxh +d/ ¢ 63> e/ +¢55,,/
Plu/ Prvfrx +4<9<,
^;` ODQGDX O1 G1 dqg OLIVFKLW] H1 P1/ Phffdqlfd Txdqwlvwlfd +¢ 74,/
Erulqjklhul/ Wrulqr +4<9<,
^<` VKLQ K1 N1/ Fkhp1 Sk|v1 Ohww1 4;/ 68< +4<:6,
^43` PDVWURFLQTXH J1/ Qxryr Flphqwr E <4/ 4:< +4<;9,
^44` ]HQHU F1/ Sk|v1 Uhy1 6;/ 5:: +4<64,
^45` ]HQHU F1/ Surf1 Fdpeulgjh Sklorv1 Vrf1 5</ 469 +4<66,
^46` DOGHU N1 dqg ZLQWKHU D=/ Sk|v1 Uhy1 <9/ 56: +4<87,
^47` DOGHU N1/ ERKU D1/ KXXV W=/ PRWWHOVRQ E1 dqg ZLQWKHU
D=/ Uhy1 Prg1 Sk|v1 5;/ 765 +4<89,> 63/ 686 +4<8;,
^48` ELHGHQKDUQ O1 F1 dqg WKDOHU U1 P1/ Sk|v1 Uhy1 437/ 4976 +4<89,
^49` PDVWURFLQTXH J1 dqg TXDUWLHUL M1/ Ohww1 d Qxryr Flphqwr 66/
55: +4<;5,
^4:` ODQGDX O1 G1 dqg OLIVFKLW] H1 P1/ Vwdwlvwlfdo Sk|vlfv +¢ 443,/
Shujdprq Suhvv/ Orqgrq +4<9<,
^4;` PDVWURFLQTXH J1 dqg IRUHVWL P1/ Ohww1 Qxryr Flphqwr 77/ 9:;
+4<;8,
^4<` PDVWURFLQTXH J1/ Qxryr Flphqwr E 438/ 4648 +4<<3,
^53` PDVWURFLQTXH J1/ Qxryr Flphqwr E 444/ 4 +4<<9,> 444/ 4< +4<<9,
^54` ERKU Q1/ Njo1 Gdqvn1 Ylg1 Vhovn1 4;/ Qr ; +4<7;,
^55` WUHDQRU F1 H1/ M1 Fkhp1 Sk|v1 76/ 865 +4<98,
^56` JHQWU\ Z1 U1 dqg JLHVH F1 I1/ M1 Fkhp1 Sk|v1 96/ 6477 +4<:8,
^57` EORFK I1/ Dqq1 Sk|v1 +Ohls}lj, 49/ 5;8 +4<66,
^58` OLYLQJVWRQ P1 V1 dqg EHWKH K1 D1/ Uhy1 Prg1 Sk|v1 </ 578
+4<6:,
^59` VRPPHUIHOG D1/ Dqq1 Sk|v1 +Ohls}lj, 44/ 58: +4<64,
^5:` HOZHUW J1/ Dqq1 Sk|v1 +Ohls}lj, 67/ 4:; +4<6<,
^5;` KHLWOHUZ1/ Wkh Txdqwxp Wkhru| ri Udgldwlrq/ 5qg dqg 6ug hglwlrq/
Foduhqgrq Suhvv/ R{irug +4<7</4<87,
^5<` MDFNVRQ M1 G1/ Fodvvlfdo Hohfwurg|qdplfv +Fk146,/ M1 Zloh| ) Vrqv/
Q1 \1 +4<95,
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^63` MDFNVRQ M1 G1 dqg PRWW Q1 I1/ Surf1 ri Ur|do Vrf Orqgrq/ Vhu1 D/
46/ :36 +4<65,
44 Dsshqgl{
Hqhujlhv duh qrupdol}hg wr wkh ydoxh ri k55@+;5,=
Hq @ H ;
5
+k,5 @ H  +93,
Lqlwldo hqhujlhv Hql ydoxhv vhw = 3=34/ 3=4/ 4/ 43> qdo hqhujlhv Hqi ydoxhv
vhw = 4=4 Hql / 5Hql/ 8Hql/ 43Hql/ 433Hql1
Wkh hhfwlyh ydoxhv ri wkh frh!flhqwv s/ t/ u/ fl/ fi lq wkh wh{w fdq eh
rewdlqhg dv
s @ s . oq^ P ` +94,
t @ t +95,
u @ u5 +96,
fl @ fl 6@5 +97,
fi @ fi6@5 +98,
Lq qrupdol}hg hqhujlhv/ htxdwlrq +4<, uhdgv
oq +Hqi Hql,7 vlqk5^+Hqi Hql,@+7sHqhii ,` @
@ s . tHqhii . uH5qhii @ oq +Hqi  Hql, vlqk^
sHql` vlqk^sHqi `
+frvk^sHql` frvk^sHqi `,5 +99,
Qxphulfdo uhvxowv lq pdwul{ irup =
s0pdwul{
HqlqHqi 4=4Hql 5Hql 8Hql 43Hql 433Hql
=34 5=568<9 3=535939 3=;8:57; 4=7<69: 8=6939:
=4 5=568<4 3=4<;;<5 3=<35787 4=9<399 47=455;
4 5=56875 3=493<<; 4=67548 6=6::65 79=:688
43 5=5634; 3=55<9<: 7=;54;5 45=;4<6 488=5<9
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t0pdwul{
HqlqHqi 4=4Hql 5Hql 8Hql 43Hql 433Hql
=34 4<3=:5< 475=;8< <7=73<7 :3=9:66 74=;679
=4 4<=3:66 47=63;< <=945:: :=8:;: :=9;54
4 4=<3::8 4=787<< 4=45<;5 4=49984 4=;776;
43 3=4<4596 3=4:5398 3=5779<9 3=65;<75 3=8:365
u0pdwul{HqlqHqi 4=4Hql 5Hql 8Hql 43Hql 433Hql
=34 7876=:8 5784=47 <34=:;4 73;=69< 68=3<;
=4 78=76;9 57=8899 <=53795 7=74657 3=94835
4 3=787838 3=5837;: 3=44388 3=39<954 3=346;37
43 3=3378935 3=3363;;5 3=3358:56 3=3353386 3=333756:;
Hqhii 0pdwul{
HqlqHqi 4=4Hql 5Hql 8Hql 43Hql 433Hql
=34 3=3437;;4 3=3474775 3=3556<6; 3=364:;<< 3=44;3;9
=4 3=437;;6 3=474957 3=559:9< 3=66495 5=349;:
4 4=37;<; 4=76347 5=77937 6=<;4:4 5<=5<94
43 43=7<6: 47=88;; 59=48;5 76=5;;; 635=795
fl 0pdwul{HqlqHqi 4=4Hql 5Hql 8Hql 43Hql 433Hql
=34 68579=6 4879=5; 66:=;4< 48;=5<; 4:=7397
=4 4446=88 7;=73<< 43=4;59 7=75778 3=4<8<4<
4 67=<7:5 4=74;68 3=573554 3=3;3:;<8 3=335:<<6<
43 4=3;6;4 3=36;;344 3=3389:987 3=334<6<<7 3=3333;563<<
fi 0pdwul{
HqlqHqi 4=4Hql 5Hql 8Hql 43Hql 433Hql
=34 64<6<=8 :86=449 94=;<5 46=84< 3=48;:74
=4 4343=<6 57=35;4 5=36665 3=79<<8: 3=3434<;;
4 65=53;5 3=;4664; 3=3;4744; 3=355957< 3=333885:;6
43 4=36;57 3=35<6677 3=3365:868 3=333;;6:35 3=33334;6979
Odvw vflhqwlf uhylvlrq = 4413413:
4:
